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TECHNICAL MEMORANDUM 

INTRODUCTION 

The p i c t u r e s  from t h e  Lunar  O r b i t e r  e x i s t  as ana log  
v i d e o  r e c o r d i n g s  and as two-dimensional a r rays  o f  numbers each  
of which r e p r e s e n t s  t h e  b r i g h t n e s s  o f  t h e  o r i g i n a l  s cene  a t  
t h a t  p o i n t  or sample.  T h i s  memorandum w i l l  b e  concerned  o n l y  
w i t h  t h e  l a t t e r  form o f  v ideo  data.  These p o i n t s  are s u f f i c i e n t l y  
c l o s e  t o g e t h e r  s o  t h a t  when t h e y  are r e c o n v e r t e d  t o  b r i g h t n e s s  
i n  a d i g i t a l  t o  v ideo  c o n v e r t e r  a v i s u a l l y  s a t i s f a c t o r y  recon-  
s t r u c t i o n  o f  t h e  scene  i s  ob ta ined .  I f ,  however, i t  i s  d e s i r e d  
t o  magnify a s u b a r e a  o f  t h e  p i c t u r e  t he re  are two c h o i c e s .  
F i r s t ,  one can take  t h e  smaller s e t  o f  p o i n t s  c o v e r i n g  t h e  
d e s i r e d  area and d i s p l a y  t h e s e  o v e r  t h e  o r i g i n a l  area. T h i s  
r e s u l t s  i n  an  extreme g r a n u l a r i t y  f o r  l a r g e r  m a g n i f i c a t i o n s  
which i s  u n s a t i s f a c t o r y .  Second, one can  photograph  t h e  con- 
v e r t e r  t u b e  and e n l a r g e  t h e  r e s u l t i n g  n e g a t i v e .  C h a r a c t e r i s t i c a l l y ,  
t h i s  i s  done w i t h  35 mm f i l m  b u t  t h i s  second photography i n t r o -  
duces  n o i s e .  
w i t h  nominal c a r e  i n  p r o c e s s i n g ,  g i v e  a good 8 x 1 0  p r i n t .  Any 
p r i n t  l a r g e r  w i l l  show d e f i n i t e  g r a i n .  Thus, t h e  o r i g i n a l  s cene  
i s  p r o c e s s e d  q u i t e  s a t i s f a c t o r i l y  b u t  o p t i c a l  en largement  i n t r o -  
duces  a p p r e c i a b l e  a d d i t i o n a l  n o i s e  i n t o  t h e  s y s t e m .  F o r  t h i s  
r e a s o n ,  t h e  f i rs t  method i s  c o n s i d e r e d  i n  t h i s  memorandum w i t h  
t he  a d d i t i o n a l  f e a t u r e  that  i n t e r p o l a t i o n  i s  done between t h e  
p o i n t s  of s cene  t o  be magni f ied .  T h i s  i n t e r p o l a t i o n  i s  done i n  
s u c h  a way t h a t  no in fo rma t ion  p r e s e n t  i n  t h e  o r i g i n a l  sampled 
i n p u t  i s  l o s t .  Three methods can be  used t o  implement t h e  i n t e r -  
p o l a t i o n :  a l l  d i g i t a l ;  d i g i t a l  i n  t h e  v e r t i c a l  d i r e c t i o n  and 
a n a l o g  a c r o s s  a scan  l i n e ;  a l l  ana log  us ing  l a se r  t e c h n i q u e s .  
These methods are covered i n  d e t a i l  below. 

A t y p i c a l  35 mm n e g a t i v e  o f  a n  o r i g i n a l  s cene  w i l l ,  

REVIEW OF THEORY 

The i n t e r p o l a t i o n  a l g o r i t h m  i s  an e x t e n s i o n  t o  two- 
d imens ions  o f  Shannon's sampling theorem. The b a s i c  a p p l i c a t i o n  
of F o u r i e r  a n a l y s i s  t o  pho tograph ic  p r o c e s s e s  i s  reviewed i n  
TM-67-1033-3, A- D i g i t a l -  F i l t e r  Method for t h e  Improvement o f  
P h o t o g r a p h i c  Reso lu t ion ,  by L .  D. Nelson. The e x t e n s i o n  t o  
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two dimensions o f  Shannon’s sampl ing  theorem has been  done 
by  Cheng [l]. Some o f  h i s  r e s u l t s  are r e p e a t e d  below f o r  
convenience and c o n t i n u i t y .  

The F o u r i e r  t r ans fo rm of  a p i c t u r e  f u n c t i o n  p ( x , y )  
r e p r e s e n t i n g  t h e  b r i g h t n e s s  o f  some s c e n e s  as a f u n c t i o n  o f  
t h e  o r t h o g o n a l  c o o r d i n a t e s  x,y i s :  

P ( u , v )  = 

where u ,v  are t h e  s p a t i a l  f r e q u e n c i e s  o f  t h e  scene  commonly 
g i v e n  i n  c y c l e s / m i l l i m e t e r  and R i s  t h e  r e g i o n  o v e r  which 
t h e  scene  i s  d e f i n e d .  I n  t h e  r i g o r o u s  t h e o r y  R i s  i n f i n i t e ,  
b u t  i n  any r ea l  scene  s h a r p l y  l i m i t e d .  P r a c t i c a l l y ,  t h i s  
d i f f e r e n c e  leads t o  “edf fc  e f f e c t s ”  which are  g e n e r a l l y  i g n o r e d .  
The i n v e r s e  F o u r i e r  Transform i s :  

The f i n i t e  s p a t i a l  f requency l i m i t s  i n  ( 2 )  r e p r e s e n t  t h e  s a n e  
approx ima t ion  t o  t h e  p h y s i c a l  sys tem t h a t  an  i d e a l  bandpass  
f i l t e r  c h a r a c t e r i s t i c  does t o  a p h y s i c a l l y  r e a l i z a b l e  network. 

Equa t ions  (1) and ( 2 )  d e f i n e  a s p e c t r a l  t h e o r y  for 
o p t i c a l  sys t ems .  Fol lowing Cheng, we d e s i r e  t o  e x p r e s s  p ( x , y )  
i n  a F o u r i e r  expans ion :  

i j  

where t h e  @ij  a r e  some or thonormal  f i  

- -  

n c t i o n s  and 
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We d e s i r e  t o  p i c k  t h e  Q r s  s o  t h a t  t h e  C i j t s  are as  easy  t o  
compute as p o s s i b l e .  I n  f a c t ,  w e  want C t o  b e  v a l u e  of t h e  

scene  a t  some p a r t i c u l a r  p o i n t  ( x i , y . ) .  
i j  

Thus,  
J 

The s o l u t i o n  t o  t h e  i n t e g r a l  e q u a t i o n  ( 5 )  i s  s t r a i g h t f o r w a r d  
and i s  g i v e n  by 

1 1 - and B i s  a n o r m a l i z a t i o n  c o n s t a n t .  where Ax = - * Ay = 

Obviously,  Ax cor responds  t o  t h e  Nyquis t  i n t e r v a l  i n  t h e  x 
d i r e c t i o n ,  by i n  t h e  y d i r e c t i o n .  If t h e  p o i n t s  ( x i , y j )  are 
e q u a l l y  spaced  i n  i n t e g r a l  m u l t i p l e s  o f  Ax i n  t h e  x d i r e c t i o n  
and Ay i n  t h e  y d i r e c t i o n  then t h e  { a i j  1 are a n  or thonormal  
basis f o r  t h e  p i c t u r e  space .  

2v , 2u , 

I d e a l l y ,  i n  space a p p l i c a t i o n s  t h e  sampling p o i n t s  
x 

would be  chosen from a knowledge of t h e  s p e c t r a l  c h a r a c t e r i s t i c s  
o f  t h e  p i c t u r e s  t o  be t r a n s m i t t e d .  U n f o r t u n a t e l y ,  i n  p r a c t i c e  t h e  
two-dimensional bandwidth of t h e  o r i g i n a l  s cene  i s  r a r e l y  known and 
o t h e r  c o n s i d e r a t i o n s  u s u a l l y  d i c t a t e  t h e  c h o i c e  o f  t h e  sampl ing  
i n t e r v a l .  However, once t h e  i n f o r m a t i o n  e x i s t s  i n  sampled form 
one can o n l y  r e c o v e r  t h o s e  f r e q u e n c i e s  l e s s  t h a n  t h a t  f r equency  
U ( o r  V )  for which Ax (or Ay) i s  t h e  Nyquist  i n t e r v a l  b u t  t h e s e  
can  be r e c o v e r e d  completely by means of ( 6 ) .  Thus, f o r  each  
p o i n t  i n  a g i v e n  s u b s e t  of  some s c e n e  which i s  t o  b e  e n l a r g e d  one 
can i n t e r p o l a t e  as many p o i n t s  as one des i r e s  s o  t h a t  t h e  recon- 
s t r u c t i o n  i s  v i s u a l l y  s a t i s f a c t o r y .  T h a t  i s  t h e  " g r a n u l a r i t y "  
can  b e  made a r b i t r a r i l y  smal l  and en largement  can b e  made t o  the 
e n t i r e  l i m i t  of t h e  i n f o r m a t i o n  c o n t a i n e d  i n  t h e  sampled p i c t u r e .  

= xo + mAx; m=O,  1, 2 ,  ..., M ,  yn = yo + n C y ;  n = 0 ,  1, 2 ,  ..., N m 

ALL D I G I T A L  AND DIGITAL-ANALOG INTERPOLATION - 
S i n c e  t h e  b r i g h t n e s s  of each  sample p o i n t  i s  encoded as 

a d i g i t a l  number, t h e  obvious way to i n t e r p o l a t e  i s  on a computer.  
A s u f f i c i e n t l y  a c c u r a t e  approximation to t h e  t r a n s c e n d e n t a l  equa- 
t i o n  ( 6 )  i s  used  to compute any des i r ed  number o f  i n t e r p o l a t e d  
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v a l u e s  as shown i n  F i g u r e  I. T h i s  i s  n o t  e x a c t l y  economical  
o f  computer t i m e  s i n c e  ( 6 )  i n v o l v e s  two v a r i a b l e  approximat ions .  
However, some d i g i t a l  to video  c o n v e r t e r s  ( such  as t h a t  a t  BTL, 
Murray H i l l )  have p r o v i s i o n  f o r  a n  ana log  i n t e r p o l a t i o n  a l o n g  
t h e  h o r i z o n t a l  d i r e c t i o n .  T h i s  i s  accompl ished  by  sweeping t h e  
beam o f  t h e  CRT h o r i z o n t a l l y  a f i x e d  l e n g t h  o f  t i m e  and b r i n g i n g  
t h e  v ideo  samples  i n  at  f i x e d  i n t e r v a l s  of  t i m e  de te rmined  by t h e  
number o f  samples  p e r  h o r i z o n t a l  s can .  These samples are read 
as b i n a r y  numbers from a computer t a p e ,  c o n v e r t e d  i n  a DAC t o  
v o l t a g e  and a p p l i e d  th rough  d e l a y  l i n e s  and networks to i n t e n s i t y  
modulate  t h e  CRT. The delays and f i l t e r s  have a v o l t a g e  o u t p u t  

which c l o s e l y  approximates  a sinCw(x-xi)l f u n c t i o n .  Thus,  i n  
Lx-x, 1 

I 

t h e  h o r i z o n t a l  d i r e c t i o n  t h e  p i c t u r e  shows no g r a n u l a r i t y  due 
to sampling.  S i n c e ,  ( 6 )  i s  t h e  p roduc t  o f  two such  f u n c t i o n s  
t h e  d i g i t a l  computer needs only  to i n t e r p o l a t e  i n  t h e  v e r t i c a l  
d i r e c t i o n  l e a d i n g  t o  t h e  computat ion p a t t e r n  shown i n  F i g u r e  11. 
T h i s  D a t t e r n  s a v e s  (K) ( K t 1 1  (M) ( N )  t MK i n t e r p o l a t i o n s  where 
K i s  t h e  number o f  i n t e r p o l a t i o n s  w i t h i n  e a c h  sample i n t e r v a l  
assumed e q u a t i o n  t h e  x, and y d i r e c t i o n s .  

ALL ANALOG INTERPOLATION 

Cons ider  t h e  laser  o p t i c a l  s y s t e m  shown i n  F i g u r e  111. 
A t r a n s p a r e n c y  o f  some scene p ( x , y )  i s  i l l u m i n a t e d  by t h e  
cohe ren t  l i g h t  o f  t h e  laser  a t  one f o c a l  p o i n t  o f  l e n s  1. A t  
t h e  o t h e r  f o c a l  p o i n t  t h e  F o u r i e r  Transform,  P ( u , v >  w i l l  appear  [ 3 ]  
which i s  a l s o  a t  a f o c a l  p o i n t  of l e n s  2.  The image o f  p ( x , y )  
w i l l  a g a i n  appear a t  t h e  second f o c a l  p o i n t  o f  l e n s  2 .  Now 
suppos ing  w e  use  a computer o r  some o t h e r  d e v i c e  to d e r i v e  t h e  
F o u r i e r  Transform G(u,v)  of a Compensating f i l t e r  g ( x , y ) .  I f  w e  
make a t r a n s p a r e n c y  o f  i t  and p l a c e  i t  i n  t h e  F o u r i e r  p l a n e  o f  
t h e  s y s t e m  t h e n  t h e  image formed, b ( x , y ) ,  w i l l  b e  t h e  i n v e r s e  
t r a n s f o r m  o f  t h e  p r o d u c t ,  P ( u , v )  G ( u , v ) .  It i s  w e l l  known, [2], 
t h a t  t h i s  i s  a l s o  t h e  convo lu t ion :  

o f  p ( x , y )  and g ( x , y ) .  What i s  d e s i r e d  i s  t h e  t r a n s f o r m  whose 
i n v e r s e  w i l l  g i v e  us  a 7 t y p e  o f  f u n c t i o n  i n  t h e  image p l a n e .  

s c e n i c  p l a n e  and assume t h e y  are spaced  a t  t h e  Nyquis t  i n t e r v a l s ,  
L e t  each  p o i n t  be r e p r e s e n t e d  b y  t h e  ampl i -  

s i n  x 

Cons ide r  now, an array o f  d i s c r e t e  sample p o i n t s  i n  t h e  

1 
2u 9 A Y  = - 2v - A X  = - 

t u d e  o f  t h e  d e l t a  f u n c t i o n ;  p i j  6 (x-xiJ y-y.  ) (more p r o p e r l y  t h e  
J 



BELLCOMM. INC.  - 5 -  

g e n e r a l i z e d  f u n c t i o n  or d i s t r i b u t i o n ) .  F o r  convenience  l e t  p = 1. i j  
Now t h e  two d imens iona l  F .T .  of f ( x - x i ,  y - y . )  i s  g i v e n  [ 2 ]  by :  

J 

Where t h e  r e g i o n  R o f  (1) i s  i n f i n i t e .  

Thus, 

F.T. > e  i 2 ~ 1  ( u x .  +VY . ) 
G(X--Xi ,  y -y j )  1 J  

I n  t h e  F o u r i e r  p l a n e  a r e c t a n g u l a r  a p e r t u r e  i s  p l a c e d  as shown 
i n  F i g u r e  IV. 
b(x-xi, y-y.;). S i n c e  t h e  a p e r t u r e  i n  t h e  F o u r i e r  p l a n e  l i m i t s  

Cons ider  first t h e  s i n g l e  p o i n t  s o u r c e  

t h e  f requency  r e sponse ,  t h e  i n v e r s e  F.T. b ( x , y )  i s :  

i2n (ux i  + v y j )  du dv - i 2 n ( x u  + yv)  e e 
TU c" 
i i  

I - u  I /-v 

s in[-  TI ( x - x . 1 1  s i n C a ( y - y . ) l  TI 

- - -  Ax 1 

Tr 2 (x-x i) ( Y - Y j )  ( 9 )  

which i s  as i e s i r e d  for a s i n g l e  p o i n t  s o u r c e  a t  ( x i , y . ) .  

( 7 )  becomes a f i n i t e  sum and t h e  o u t p u t  becomes: 

F o r  

e q u a t i o n  t h e  e n t i r e  a r r a y  o f  p o i n t  sou rces  each o f  ampl i tude  p J i j  ' 

as d e s i r e d .  
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Suppose now that  t o  o b t a i n  m a g n i f i c a t i o n  w e  i n c r e a s e  
t h e  s p a c i n g  be tween samples  t o  Axr = aax  and ay'  = bay t h e n  t o  
m a i n t a i n  o u r  i n t e r p o l a t i o n  we must change the  a p e r t u r e  i n  t h e  
F o u r i e r  p l a n e  to: 

T h i s  may a l s o  be shown more e l e g a n t l y  by t h e  known p r o p e r t y  o f  
F.T. ' s  f o r  m a g n i f i c a t i o n :  

w i t h  a s i m p l e  change o f  v a r i a b l e .  

CONCLUSION 

Three d i f f e r e n t  schemes have  been  d e s c r i b e d  f o r  t h e  
e n l a r g e m e n t  of d i g i t i z e d  p i c t u r e s .  
computer  f o r  i n t e r p o l a t i o n  i n  t h e  v e r t i c a l  d i r e c t i o n  and a n a l o g  
f i l t e r s  i n  t h e  h o r i z o n t a l  i s  c e r t a i n l y  f e a s i b l e  and t h e  equipment  
for t h i s  i s  a v a i l a b l e .  
i n t e r e s t i n g  and o f f e r s  t he  p o s s i b i l i t y  o f  v e r y  r a p i d  b a t c h  p r o c e s -  
s i n g  of data. 
p r o g  r a m .  

The method of u s i n g  a 

However, t h e  t h i r d  method i s  e x t r e m e l y  

T h i s  c o u l d  b e  e x t r e m e l y  v a l u a b l e  t o  t h e  s p a c e  

10 33-HAH-lf H. A. H e l m  

Att achmeat s 
R e f e r e n c e s  
F i g u r e s  I - IV 
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